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An examination has been made of the dependence of the contact heat 
conductivity of granular systems on the external load. The calculation 
formulas proposed for contact heat conduction are applicable over a 
wide range of materials. 

R e s u l t s  have  been  r e p o r t e d  of a n u m b e r  of inveSt i -  
ga t ions  of con tac t  hea t  t r a n s f e r  be tween  f l a t  mach ined  
s u r f a c e s  [1], w h e r e a s  t h e r e  is  p r a c t i c a l l y  no i n f o r m a -  
t ion on the con tac t  hea t  conduct ion of g r a n u l a r  s y s t e m s .  

In a g r a n u l a r  s y s t e m  con tac t s  a r e  f o r m e d  through 
m i c r o - r o u g h n e s s e s  of the s u r f a c e  of the  p a r t i c l e s  in 
contac t .  The ac tua l  a r e a  of such a contac t ,  Sa, i s  the  
s u m  of the  ind iv idua l  a r e a s .  The con tac t  t h e r m a l  con-  
duc t iv i ty  ~c is  def ined  by  the r e l a t i o n  

% = X  s S a / h  r . (1)  

We wi l l  suppose  tha t  in the  a r r a n g e m e n t  of the  p a r -  
t i c l e s  of the g r a n u l a r  s y s t e m  l o n g - r a n g e  o r d e r  is  ob-  
s e r v e d ,  and the p a r t i c l e s  f o r m  the d e n s e s t  pack ing  
( t e t r agona l ) .  It ha s  been  shown in [2] tha t  the e f fec t ive  
t h e r m a l  conduct iv i ty  of such  a s y s t e m  is  equal  to the  
e f fec t ive  t h e r m a l  conduc t iv i ty  of the e l e m e n t a r y  ce l l .  
In the  s y s t e m  e x a m i n e d  this  is  a r e c t a n g u l a r  p a r a l l e l -  
ep iped ,  having a b a s e  s q u a r e  of s ide  d = 2r ,  and a 
he igh t  H = d(2) 1/z. The  va lue  of the  con tac t  t h e r m a l  
conduct iv i ty  in the e l e m e n t a r y  ce l l  m a y  be  r e p r e s e n t e d  
b y  the r e l a t i o n  [2] 

Lc = 1 .41%,  A =  ~ / f  75 (2) 
rA 100 - -  p " 

F r o m  (1) and (2) i t  fOllows tha t  

1.41 Sa 
~ c -  - -  , ( 3 )  

rA h t k  1 

w h e r e  k 1 i s  a coe f f i c i en t  depending  on the  r e l a t i v e  po-  
s i t ion  of the  m i c r o - r o u g h n e s s e s  in contac t .  I t  m a y  
b e  shown that  the  va lue  of th is  coef f i c ien t  1 <__ kl <- 2 
(F ig .  1). 

We d iv ide  the a r e a  of ac tua l  con tac t  Sa into an a r e a  
Sal,  c o r r e s p o n d i n g  to the f r e e l y  poured  s t a t e ,  and an 

add i t iona l  a r e a  Sa2 a r i s i n g  f r o m  the ac t ion  of an ex -  
t e r n a l  load .  Then we w r i t e  (3) a s  fo l lows :  

~ 'c= .1.41 ~.s Sa, ff'Sa~ (4) 
rA hrk  1 

We r e p r e s e n t  the con tac t  t h e r m a l  conduct iv i ty  of 
g r a n u l a r  m a t e r i a l s  a s  the  sum of two c o m p o n e n t s -  
a cons t an t  one and a v a r i a b l e  one:  

Lc---- ~f + L (A). (5) 

The quant i ty  Xf i s  d e t e r m i n e d  e x p e r i m e n t a l l y  f r o m  
t e s t s  with g r a n u l a r  s y s t e m s  unde r  condi t ions  of high 
vacuum and a b s e n c e  of an e x t e r n a l  load.  On the b a s i s  
of (4), the  second  t e r m  of (5) has  been  r e p r e s e n t e d  in 
the  f o r m  

~ , ( A ) =  1.41 ~s sa' (6) 
rA hrk 1 

In (6) the  p a r a m e t e r s  Sa2, h r  and ki ,  which depend 
in tu rn  on the va lue  of the load,  a r e  unknown. We wil l  
e x a m i n e  the s t r u c t u r e  of t he se  p a r a m e t e r s .  

As  has  a l r e a d y  been  noted,  the  con tac t  be tween  
so l id  b o d i e s  i s  a lways  d i s c r e t e  in na tu re ,  the a r e a  of 
the  ac tua l  con tac t  be ing  a s m a l l  f r a c t i o n  0 0 - 2 - 1 0  -5) 
of the  nomina l  a r e a  of contac t ,  Sn, and p r o p o r t i o n a l  
to i t  [ 3 -5 ] :  

Sa, --- "q srr (7) 

U s i n g  the H e r t z  f o r m u l a  [6] fo r  the  chosen  packing  
of the s p h e r e s ,  we f ind the va lue  of the nomina l  a r e a  
of con tac t  of two idea l  e l a s t i c  s p h e r e s  unde r  the in-  
f luence  of a load  A: 

Sn= 0.176 "~ d ~ (ALE) 2/'. (8) 

The nomina l  a r e a  of con tac t  of a c tua l  s p h e r e s  wil t  
b e  l a r g e r ,  s i nce  the  e f fec t ive  modulus  of e l a s t i c i t y  of 
the s u r f a c e  l a y e r  ( composed  of m i c r o - r o u g h n e s s e s  
and the gas  s p a c e s  be tw e e n  them) is  l e s s  than tha t  of 
the  m a t e r i a l  of the s p h e r e s .  We wi l l  c o n s i d e r  that  the 
e f fec t ive  modulus  of e l a s t i c i t y  of the s u r f a c e  l a y e r  is  
equal  to that  of the g r a n u l a r  s y s t e m  E 0. 

F ig .  1. Re l a t i ve  pos i t ion  of r o u g h n e s s e s  in contact .  
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Tab le  1 

P h y s i c a l  and Mechan ica l  C h a r a c t e r i s t i c s  of the M a t e r i a l s  E x a m i n e d  

Material~ d, mm hr, m m  2hr/d k~ 

G r a v e l  
G l a s s  b e a d s  
Z n S O  4 
L e a d  shot  

5 - - 7  
2 .5  

3 - - 4  
3 . 5  

( 6 - - 7 ) -  t0  - a  
(8 - -10) .  10 - a  
(4---7). 10 - a  
(2--5). I0 "-a 

2 . 1 0  - s  
(6 - -8 ) .  10 - s  
(2 - -4 ) .  I0 - s  
( 2 - - 4 ) .  10 ~'~ 

2 
6 - - 8  
2 - - 4  
2 - - 4  

E x p e r i m e n t s  p e r f o r m e d  ind ica te  that  fo r  v a r i o u s  m a -  
t e r i a l s  ( g l a s s  and s t e e l  b a l l s ,  l ead  shot ,  and qua r t z  
sand) ,  a t  spec i f i c  l oads  up to 2 �9 105 N / m  z, the  va lue  of 
E 0 i s  cons t an t  and equal  to 650 �9 105 N / m  s. 

A c c o r d i n g  to the da ta  of the e x p e r i m e n t s ,  a t  l a r g e  
va lues  of the spec i f i c  load  ( f rom 3 �9 l05 to 16 �9 105 N/  
/mS),  the  modulus  of e l a s t i c i t y  of the g r a n u l a r  s y s -  
t em E 0 v a r i e s  a s  fo l lows with i n c r e a s e  in spec i f i c  load:  

Eo=k2A '/*E%, 3-~ A. 10-~ ~ 16N/m 2, (9) 

w h e r e  k s i s  an e m p i r i c a l  coef f ic ien t ,  v a r y i n g  in the 
r a n g e  0 .5  to 1 .0  f o r  the d i f f e r en t  m a t e r i a l s .  

Rep l ac ing  E in (8) by  E0, we obta in  the va lue  of the 
nomina l  a r e a  of con tac t  unde r  l oads  f r o m  0 to 3 �9 105 
N / m  s 

sn=  0.93- I0 "2 r, r~A %, (10) 

w h e r e  the n u m e r i c a l  coe f f i c i en t  has  d i m e n s i o n s  [N-Z/L 
�9 m 4/3. Under  loads  f r o m  3.105 to 1 6 . 1 0  ~ N / m  2, the 
va lue  of the  nomina l  a r e a  of con tac t  i s  d e t e r m i n e d  f r o m  

the f o r m u l a  

Sn= 0.56 r: r 2 (ALE) "/'. l "k '/" / 2 �9 (11) 

The a r e a  of ac tua l  con tac t  depends  on the spec i f i c  
load,  the h a r d n e s s  c h a r a c t e r i s t i c s  of the b o d i e s  in 
contac t ,  and the m i c r o - g e o m e t r y  of the s u r f a c e  con-  
t a c t s ,  i . e . ,  i s  d e t e r m i n e d  by  d i v e r s e  f a c t o r s  which 
a r e  d i f f i cu l t  to c a l c u l a t e  s i m u l t a n e o u s l y .  We wil l  
t h e r e f o r e  f ind the a r e a  of con tac t  77 e x p e r i m e n t a l l y ,  
t o g e t h e r  with the o t h e r  e x p e r i m e n t a l  coe f f i c i en t s  kl 
and kz, which wi l l  be  d i s c u s s e d  be low.  

A second  unknown p a r a m e t e r  in (6) i s  the  height  
of a m i c r o - r o u g h n e s s ,  h r .  F o r  unf in ished  s u r f a c e s  
i t  m a y  be  def ined  t en t a t i ve ly .  If the  m a t e r i a l  of which 
the g r a n u l a r  s y s t e m  is  c o m p o s e d  has  a mach ined  s u r -  
face ,  then h r is  d e t e r m i n e d  a c c o r d i n g  to the  d e g r e e  
of f in ish  of the  s u r f a c e .  If the s u r f a c e  of the m a t e r i a l  
has  not  been  mach ined ,  then h r is  d e t e r m i n e d  f r o m  
the t e s t .  Tab le  1 g ives  r e s u l t s  of m e a s u r e m e n t s  of 
h r  fo r  v a r i o u s  g r a n u l a r  m a t e r i a l s .  

It m a y  be  s een  f r o m  the tab le  tha t  the r a t i o  h r / r  
i s  v e r y  s t a b l e  fo r  the  d i f f e r en t  m a t e r i a l s  and m a y  be  
r e p r e s e n t e d  in the fo l lowing f o r m :  

h r/r = k3" 10 -3, (12) 

w h e r e  k3 is  an e m p i r i c a l  coe f f i c i en t  ( see  Tab le  1). 
Subs t i tu t ing  the va lues  of h r and Sac into (6), we 

obta in  the dependence  of the con tac t  t h e r m a l  conduc-  
t i v i t y  on the e x t e r n a l  load  

( A ) = g s  1 A %krn, (13) 
75A 

w h e r e  

km= 3.1.103 rl/klk3, A = 0 --  3" 105 N/m z. 

Under  l oads  of (3-16)  �9 105 N / m  2 

s 1 h,/,  kb ' (14) 
~ ( A ) =  Z,/, A 

w h e r e  kb = 3. I .  lOarl/kT"k,k3. 
Coef f ic ien t s  km and kb a r e  d e t e r m i n e d  f r o m  ex -  

p e r i m e n t .  An e x p e r i m e n t a l  i nves t iga t ion  of the d e -  
pendence  of the con tac t  t h e r m a l  conduc t iv i ty  on the 
e x t e r n a l  load  was  conducted  on an i n s t r u m e n t  s p e c i -  
a l l y  c r e a t e d  f o r  th i s  p u r p o s e .  I ts  m a i n  p a r t  i s  a 
s t e a d y - s t a t e  c a l o r i m e t e r .  The p r e s s u r e  of the po re  
g a s  in the m a t e r i a l  u n d e r  e x a m i n a t i o n  was 0 .1  �9 10 - 2 -  
1 .0  �9 1 0  - 2  N/mZ: The m e a n  t e m p e r a t u r e  of the t e s t  
m a t e r i a l  was  a p p r o x i m a t e l y  300 ~ K. The va lue  of the 
e x t e r n a l  load  was v a r i e d  in the r a n g e  0 to 16 �9 105N/ 
/ m  2. M e a s u r e m e n t  of the t h e r m a l  conduc t iv i ty  was 

p e r f o r m e d  a t  a f ixed  load  and unde r  s t e a d y  t h e r m a l  
cond i t ions .  

The p a r a m e t e r s  of the m a t e r i a l s  i n v e s t i g a t e d  a r e  
p r e s e n t e d  in Table  2. 

As  m a y  be  seen  f r o m  the t ab le ,  the chosen  m a t e -  
r i a l s  span  a wide r a n g e  of v a r i a t i o n  of ks  and of the 
group  )~s/E 4/9. 

The va lues  of ~ ob ta ined  f r o m  e x p e r i m e n t  a t  the 
v a r i o u s  loads  w e r e  r e d u c e d  in c on fo rmi ty  with f o r -  
m u l a s  (13) and (14), a l lowing  us  to d e t e r m i n e  va lues  

Tab le  2 

E x p e r i m e n t a l  Values  of Contact  T h e r m a l  Conduc t iv i ty  of the  M a t e r i -  
a l s  Examined  with No E x t e r n a l  Load 

I 
I Z S �9 E. I0 -n, (k S/E4/9)" 10~' 

M a t e r i a l  
f w / m  d e g r e e  n / m 2  w d e g r e e - , . n - % . m  l I '  

G l a s s  b e a d s  . . . . .  . 0 .84  

G r a n i t e  . . . . . . .  i 1.0 
Q u a r t z  sand  . . . . .  4 . 0  
S t e e l  ba l l s  . . . . . .  40 

5-10 ~ 
3 .7 .105  
4.3-105 

20.10 z 

0 .255-  10 2 
0 , 3 5 . 1 0  - 2  
1 , 4 . 1 0  - ~  
6 , 5 - 1 0  - 2  
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~0 t.5 ~ 2.5 ~0 ~ 6 0 t0 t2 A./O ~ 

Fig. ~.. D e p e n d e n c e  of the mean values of c o e f f i c i e n t s  k m (a) and 
kb (b) on the load A(N/me). 

of coef f i c ien t s  k m and kb, and to e s t a b l i s h  that  they  
a r e  p r a c t i c a l l y  independent  of the m a t e r i a l  of the 
g r a i n s  and t h e i r  s i z e .  The dependence  ob ta ined  of 
the coef f i c ien t s  k m and kb on the e x t e r n a l  l o a d  (F ig .  
2) p e r m i t s  us  to ex tend the s e m i - e m p i r i c a l  r e l a t i o n s  
(13) and (14) to o t h e r  m a t e r i a l s .  Since e l a s t i c  con tac t  
of the p a r t i c l e s  was a s s u m e d  in the d e r i v a t i o n  of these  
f o r m u l a s ,  the dependences  ob ta ined  should apply  only 
to m a t e r i a l s  which unde rgo  e l a s t i c  d e f o r m a t i o n .  

Thus,  we m a y  p r o p o s e  the fol lowing f o r m u l a s  fo r  
ca l cu la t ing  the con tac t  t h e r m a l  conduct iv i ty  of g ranu-  
l a r  m a t e r i a l s  a s  a funct ion of the e x t e r n a l  load:  
fo r  loads  f r o m  0 to 3 �9 10 5 N / m  e 

k.__L_~ ! ~/'k (15) ~'c= ~'f "t- 75 A m, 

f o r  l oads  f r o m  3 �9 105 to 16 �9 105 N / m  e 

~, s 1 A% (16) 

The va lue  of M f o r  p a r t i c l e s  of m i n e r a l  o r ig in  
(Xs < 1 - 2  W / m  . d e g r e e )  is  (2-10)  �9 10 -$, and fo r  a 
s y s t e m  of m e t a l  p a r t i c l e s - - ( 3 - 8 )  - 10 -e W / m  �9 d e g r e e .  

NOTA TION 

s a is  the a r e a  of ac tua l  con tac t  of two p a r t i c l e s  in 
a g r a n u l a r  m a t e r i a l ;  a c i s  the conduct iv i ty  of the con-  
t ac t  be tween  two p a r t i c l e s ;  h r  is  the he ight  of a m i -  
c r o - r o u g h n e s s ;  X s is  the t h e r m a l  conduct iv i ty  of the 
m a t e r i a l  of the p a r t i c l e s ;  d = 2r  is  the p a r t i c l e  d i -  
a m e t e r ;  X c is  the con tac t  t h e r m a l  conduct iv i ty  of the 

g r a n u l a r  m a t e r i a l ;  p is  the p o r o s i t y  of the s y s t e m ;  
Sal,  Sa2 i s  the a r e a  of con tac t  of two p a r t i c l e s  in the 
f r e e l y  poured  s t a t e  and under  the ac t ion  of a load; kf 
is  the t h e r m a l  conduct iv i ty  of t h e  g r a n u l a r  s y s t e m  in 
the f r e e l y  poured  s t a te ;  X(A) is the por t ion  of the t h e r -  
m a l  conduct iv i ty  of a g r a n u l a r  m a t e r i a l  tha t  depends  
on the e x t e r n a l  load;  V i s  the  r e l a t i v e  a r e a  of contact ;  
Sn i s  the nomina l  a r e a  of con tac t  of the two p a r t i c l e s ;  
A i s  the e x t e r n a l  spec i f i c  load;  E is  the modulus  of 
e l a s t i c i t y  of the p a r t i c l e  m a t e r i a l ;  E 0 is  the e f fec t ive  
modulus  of e l a s t i c i t y  of the g r a n u l a r  m a t e r i a l ;  kl ,  k2, 
k3, km,  kb a r e  the e m p i r i c a l  coe f f i c i en t s .  
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